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For an algebraic number α, let M (α) be the Mahler measure of α and let M = {M (α) | α ∈ Q}. No method is known to decide whether a given algebraic integer β is in M. Partial results have been obtained by Adler and Marcus [1] , Boyd [2] - [4] , Dubickas [6] - [8] and Dixon and Dubickas [5] , but the problem has not been solved even for β of degree two. The following theorem, similar to, but not identical with Theorem 9 of [5] , is an easy consequence of [7] . There remain to be considered quadratic integers that are not primitive. The following theorem deals with the simplest class of such numbers. 
Theorem 2 answers two questions raised in [5] . 
Moreover, by formula (3) of [7] , D = 2s, where s is the number of i ≤ D with |α i | > 1. Without loss of generality we may assume that |α i | > 1 precisely for i ≤ s. For some η ∈ {1, −1} we have
which gives (9) β > a > |β |. Also, by (6) , (10) a | ββ . Sufficiency. Assume the existence of an integer a satisfying (9) and (10) and consider the polynomial
If g is not primitive, there exists a prime p such that p | a, p | β + β and p | ββ /a. However, then p 2 | ββ and β/p is a zero of the polynomial
, contrary to the assumption that β is primitive. Therefore, g is the minimal polynomial of β/a over Z and
The proof of Theorem 2 is based on three lemmas.
Lemma 1. If an integer β of K is the Mahler measure of an algebraic number whose minimal polynomial over Z has leading coefficient a, then a is the norm of an ideal of K.
Proof. In the notation of the proof of Theorem 1 (necessity part) we have (7) and (8) . Since ηβ /a is the only conjugate of ηβ/a, every automorphism of the splitting field of f that sends an 
belong to a quadratic field, which clearly is K. Let the contents of P and P be a , where a and a are conjugate ideals of K. Since f is primitive, we have (1) = cont f = cont(aP P ) = (a)/aa and, since a > 0, a = N a.
Lemma 2. If the dash denotes conjugation in
while p is an ideal of K, then there exists γ ∈ K such that
. Applying Theorem 74 of [9] with
we find an integer ω of K such that (α, ω) = a, hence
we find
hence on addition, by (13),
and for γ = ω/α − a − bε, (14) follows from (16), while (15) from (17) and (18).
Lemma 3. If , in the notation of Lemma 2, p is a prime ideal dividing a rational prime p, then the conclusion of the lemma holds, provided
Proof. Let the ideal (1, δ) considered as a module over Z have the basis [η, ζ]. The system of inequalities
has a non-zero integer solution by Minkowski's theorem (Theorem 94 of [9] ), since by Theorem 76 of [9] , which applies also to fractional ideals (see §31, formula (47))
If in this solution we had c = 0 it would follow that aη + bζ = 0 and Proof of Theorem 2. Assume first that (1) holds and let f be the minimal polynomial of α over Z, a > 0 its leading coefficient, and D its degree. By (6) and (7) with β replaced by pβ, we have
Let p µ a, p ν ββ . If µ = 0 or µ = ν + 2, then (2) follows with r = a or r = |f (0)|, respectively. Therefore, assume
By (20) and (22),
while by (21),
By 
Replacing b by β|β |/b if necessary, we may assume
First, assume (4). Since β is primitive all prime ideal factors of (b, β) are of degree one and no two of them are conjugate. Hence there exists c ∈ Z such that
We put δ = β/b, ε = (c + ω)/b. In order to apply Lemma 2 we have to check the assumptions. Now, (11) follows from (23), (24) and β > −4β , (12) follows from (25), and (13) is equivalent to the inequality
The left-hand side considered as a function of b on the interval [1, β] takes its maximum at an end of the interval. We have
The assumptions of Lemma 2 being satisfied there exists γ ∈ K such that
Let us consider the polynomial
The discriminant of P , γ 2 − 4δ, is negative, hence P is irreducible over the real field K, moreover its zeros are equal to √ δ > 1 in absolute value. On the other hand, the zeros of the polynomial
are less than 1 in absolute value. This is clear if γ 2 − 4δ < 0, since |δ | < 1, and if γ 2 − 4δ ≥ 0 the inequality
follows from the condition |γ | < 1 + δ . Taking for α a zero of P we obtain, by (23) and (26),
Now, assume (5) and let again δ = β/b. In order to apply Lemma 3 we have to check (19).
Consider first the case
and by (24),
If β > 0 we clearly have R > 1, while if β < 0 we have, by (26),
and (19) follows from (5) . Consider now the case
. On the other hand, 4e
The assumptions of Lemma 3 being satisfied there exists γ ∈ K satisfying (26) and arguing as before we obtain 
